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FREE  VIBRATIONS  FOR  A SEMILINEAR  WAVE  EQUATION 


Paul  H.  Rabinowltz 

Introduction 

This  paper  is  primarily  concerned  with  the  existence  and  regularity  of  tree  vibrations  for  a 
one  dimensional  semilinear  wave  equation.  To  be  more  precise,  consider  the  partial  differential 
equation : 

(0.1)  u^^  - u^  + f(x,u)  =0,  x<  (0,ir),  tfIR 

together  with  the  boundary  conditions 

(0.2)  u(0,t)  = 0 = U(rr,t)  , t t IR , 

We  are  interested  in  the  existence  of  solutions  of  (O.l)-(O.  2)  which  are  periodic  in  t . Suppose 
f(x,0)s  0 so  u = 0 is  such  a solution.  Following  the  terminology  used  in  ordinary  differential 
equations,  we  call  a nontrivial  time  periodic  solution  of  (O.l)-(O.  2)  a free  vibration.  One  of  the 
difficulties  in  free  vibration  problems  is  that  the  period  is  not  known  a priori.  Our  main  result  is 
that  under  conditions  on  f given  in  §1,  for  any  period  which  is  a rational  multiple  of  - , (0.1)- 
(0.  2)  possesses  a classical  free  vibration  possessing  that  period. 

While  our  major  concern  is  with  free  vibrations,  the  techniques  we  use  for  (0.  l)-(0.  2) 
work  equally  well  for  the  forced  vibration  case  where  f depends  explicitly  on  t in  a periodic 
fashion  as  well  as  on  x and  u . 

There  has  not  been  much  work  on  periodic  solutions  of  such  wave  equations.  A certain 
amount  of  effort  has  gone  into  the  study  of  perturbation  problems  for  the  forced  vibration  case  where 
f is  replaced  by  e .:(x,t,u)  in  (0.1)  with  e near  0.  See  c.g.  [1]  and  the  references  cited  there 
Very  little  has  been  done  for  the  free  vibration  case.  A few  people  have  given  formal  solutions  for 
(0,3)  u^^  ‘ '^xx  e g(x,u,  u^,u^)  = 0 

together  with  boundary  and  periodicity  conditions.  See  [2].  Kurzwell  (3}-[-l}  used  an  averaging 

method  for  a problem  of  the  form  (0.  3)  with  u^  and  u^  terms  appearing  In  a special  fashion. 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-75-C-0024  and  the  Office  of  Naval 
Research  under  Contract  N000M-76-C-0300.  Reproduction  in  whole  or  in  part  is  permitted  for  any 
purpose  of  the  United  Slates  Government. 


More  recently  Fink,  Hall,  and  Hausrath  (5]  and  Stedry  and  Vejvoda  [2]  have  obtained  some  results 

2 2 2 

for  equations  of  the  form  (0.  3)  with  such  g’s  as  (1  - u^)u^,  (1  - u )u^,  and  (1  - u )u.  They  ob- 
tain weak  solutions  which  are  piecewise  continuous.  Melrose  and  Pemberton  [6]  have  obtained 
continuous  weak  solutions  for  an  equation  like  (0,  3).  There  does  not  seem  to  have  been  any 
rigorous  work  other  than  our  own  on  (O.l)-(O.  2)  for  nonperturbation  problems. 

Naturally  one  must  use  global  methods  to  treat  (0.1)  for  f's  which  are  not  small.  Our 
approach  to  (0.  l)-(0.  2)  is  via  the  calculus  of  variations.  For  definiteness  suppose  we  are  trying 
fora  2n  periodic  solution  of  (0. 1)'(0.  2)  and  f depends  only  on  u.  Let  T = [0,^]  x (0,  »r)  and 
consider 

(0.4)  *(u)  = /.j,[x(u^-  u^)  - F(u)]dxdt 

where 

F(z)  = f(s)ds  . 

Thus  the  integrand  for  (0.4)  is  the  Lagrangian  for  our  problem.  Formally  critical  points  of  4 de- 
fined on  a suitable  class  of  t periodic  functions  are  weak  solutions  of  (0,l)-(0.2).  The  function 

1 2 

# is  indefinite  in  the  sense  that  it  is  neither  bounded  from  above  or  from  below  on  e.g.  W ' (T). 

We  do  not  know  how  to  obtain  nontrivial  critical  points  of  $ in  any  direct  fashion.  However  under 

conditions  on  f given  in  §1,  nontrivial  critical  points  u can  be  obtained  for  * restricted  to 

n 

finite  dimensional  subspaces  of  admissible  functions.  Difficulties  which  arise  in  attempting 
to  get  the  functions  u^  to  converge  to  a solution  of  (O.l)-(O.  2)  lead  us  to  study  a modified 
Lagrangian  and  a corresponding  modified  version  of  (0.1).  This  is  carried  out  in  §1.  Estimates 
are  obtained  in  §2  which  enable  us  to  solve  the  modified  problem.  Then  the  existence  of  weak 
solutions  of  (0.1)-(0,2)  is  shown  in  §3  and  their  regularity  is  studied  in  §4. 

For  all  of  the  above  we  assume  f = f(u)  and  we  seek  a 2ir  periodic  solution  in  t of  (0. 1)- 
(0.2).  Various  extensions  of  our  main  results  are  carried  our  in  §5.  In  particular  we  show  there  are 
free  vibrations  of  (O.l)-(O.  2)  for  any  period  which  is  a rational  multiple  of  ir  . The  effect  of 
weakening  the  hypotheses  made  on  f in  5I  Is  also  studied.  Finally  the  forced  vibration  case  js 
treated.  Some  topological  results  required  in  §l  are  proved  in  the  Appendix. 
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The  variational  method  used  in  §1  to  obtain  approximate  solutions  is  iairly  general  and 


1 


t 


may  be  useful  in  other  situations  involving  variational  problems  with  indefinite  Integrands. 

A natural  further  question  to  pursue  is  whether  results  analogous  to  ours  can  be  obtained 
for  free  vibrations  of  quasllinear  wave  equations  such  as 
(0.5)  '^tt  * * ^ ° 

together  with  (0.  2).  Quite  recently  R.  Di  Perna  has  proved  that  in  striking  contrast  to  (0.1),  if 
f = 0 and  cr  satisfies  some  reasonable  conditions,  then  (0.5),  (0.2)  possesses  no  nontrivial  free 
vibrations. 

A second  interesting  question  to  ask  and  for  which  we  have  no  answers  is  whether  (0.1)- 
(0.2)  possesses  free  vibrations  with  periods  which  are  irrational  multiples  of  tt  . 

Finally  we  are  indebted  to  E.  Fadell  for  his  assistance  with  the  topological  result. 

Lemma  A.  2,  given  in  the  Appendix.  We  also  thank  L.  Nirenberg  for  some  ideas  which  led  to  the 
proof  of  the  regularity  result.  Theorem  4.1,  and  to  H.  Brezis  for  some  suggestions  wt  'h  led  to 
Theorem  5.  6. 
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Jl.  The  modified  problem  and  its  approximate  solution 

Some  notation  is  in  order.  Let  T = {(x,t)|x  . [O.n],  t c [0,2n]}  and  consider  the  set  of 

00 

C functions  on  T , 2ir  periodic  in  t and  vanishing  near  x = 0 and  x = n.  Let  H denote 

m 

the  closure  of  this  set  with  respect  to  ||u||  h V 


m 


10*^“  II  2 where  L^  s' L^(T)  s h.  , 


denotes  a derivative  of  order  |<r|  and  the  usual  multi-index  notation  is  being  employed.  Let 

denote  the  closure  of  c“  functions  on  T,  2^  periodic  in  t , with  respect  to  ||  • || 
m m 

Let  C = C (T)  denote  the  set  of  m times  continuously  differentiable  functions  on  T , 2n 
periodic  in  t , and  satisfying  the  boundary  conditions  (0.  2).  The  usual  maximum  norm  is  used 


for  C 


m 


We  begin  our  investigation  of  (O.l)-(O.  2)  with  the  problem 


(1.1)  1 

r ' *^xx  0<X<TT,  ttIR 

u(0,t)  = 0 = u(TT,t),  u(x,t  + 2tt)  = u(x,t) 

which  is  technically  slightly  simpler  than  (0.1).  It  is  assumed  that  f satisfies 

(fl> 

ft  c\lR,IR)  and  f(0)  = 0 

<^2> 

f is  strictly  monotonically  increasing,  l.e., 
f(Zj)  >f(z^) 

Zj  > z^  implies 

f is  superlinear  at  0 and  « , l.e. 
(1)  f(z)  = o(  1 z| ) at  z = 0 and 

(ii)  There  are  constants  z > 0 and  0 c [0,-^) 

such  that 

F(z)  = f(s)ds  < G z f(z)  for  |z|  > z . 

0 

Remark  1.2;  By  (f^),  z f(z)  >0  ioT  z * 0 and  by  (f^)  (ii),  if  \z\  >i  , 


(1.3) 


-J-  < -Hill 

Gz  - F(z) 


Integration  and  exponentiation  of  (1.  3)  then  shows  |zp  < q F(z)  for  |z|  >z  where  a > 0. 


Hence  by  (f^)(il), 
(1.4) 


-1 

|z|  < a 0 1 f(z)| 


for  I z I > z 


which  justifies  the  term  superlincar  in  (f^Kli). 
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Let  □ = 


at^  3x^ 


An  Important  role  in  the  study  of  (1.1)  is  played  by  N(H),  the  null 


space  of  □ . It  is  easy  to  see  that  the  closure  in  of  N(D)  is 


(1.5) 


N H {p(x+t)  - p(-x+t)|  Pt  L^sS} 


k • 1 

where  S denotes  the  unit  sphere  in  IR  . Let  N-*-  denote  the  orthogonal  complement  of  N in 


L^.  If  u is  a classical  solution  of  (1.1),  then  u = v + w,  v t N,  w « N-*-,  We  can  now  state 


our  main  result: 


Theorem  1.6:  Let  f satisfy  and  ft  C*^,  k > 2.  Then  there  is  a u = v+w  t (C*^flN):£ 


k^l  _i 

(C  n N ) such  that  u is  a nontrivial  solution  of  (1.1). 


The  proof  of  Theorem  1.  6 will  be  carried  out  in  §1-4.  It  is  a consequence  of  an  existence 
result  proved  in  §1-3  and  a regularity  theorem  given  in  §4. 

The  fact  that  there  is  no  upper  bound  on  the  growth  of  f as  |z|-m  creates  some  difficulty 
for  us  later  which  we  bypass  by  introducing  a C*  truncation  f„  of  f defined  by 


ff(z) 


(1.7) 


ffXz)=<f(K)  + f'(K)(z-K)  + p(K)(z-K)^  , 


If(-K)  + f'(-K)(z+K)  + p(K)(z+K)^, 


|zl  < K 
z > K 
z < -K 


where  p(K)  will  be  chosen  appropriately  later.  That  f (z)  grows  like  z^  at  ® is  not  crucial 

K 


but  there  is  a cut-off  power  beyond  v.?hich  our  arguments  fail. 


We  will  solve  (1.1)  with  the  aid  of  a modified  problem  which  can  now  be  introduced.  Let 

X 


P,  K >0.  The  modified  equation  for  u = v+w  t N'"'  then  is: 

(1.8)  Du  - P + f|^(u)  = 0 , 0 < X < TT  , ttIR 

u(0,t)  = 0 = u(n,t)  : u (x,t  + 2tt)  = u(x,t)  . 

Our  goal  is  to  solve  (1.  8)  for  any  p,  K > 0 and  then  obtain  a solution  of  (1. 1)  by  choosing  K 
appropriately  large  and  letting  p—  0. 

Let 

2 2 


(1.9) 


I(u)  - J [ i(u^  - U^  - p v^)  - Fj^(u)]dxdt 


where  f^|,(u)  - J f (s)ds.  Then  I(u)  is  defined  for  all  u t A,  and  it  is  easily  verified  that 
0 1 

formally,  any  critical  point  of  I is  a weak  solution  of  (1.8).  We  do  not  know  how  to  obtain 
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critical  points  of  I directly.  However  by  restricUng  I to  finite  dimensional  subspaces  E of 

2 * ^ 

L corresponding  critical  points,  u^,  of  1 1 j,  are  obtained  which  can  be  shown  to  con- 

verge,  along  a suosequence,  to  a nontrivial  solution  of  (1.  8).  The  machinery  which  is  used  to  find 

the  approximate  crili'al  points  is  provided  by  the  next  theorem.  Below,  B = {x  c in'"  | | x|  < p}, 

= {x  = (X  ,..  .,x  ) t k"’|  X = 0,  j+1  < i <m}  and  (mV  = {x  = (x, , . . . , x ) t m"’ I x =0, 

‘ £ J}- 

Theorem  1.10:  Let  J<  c\m"’,m)  and  I:m'"-  m where  J(x)<I(x)  for  all  x<  m"’  and  I(x)  < 0 

for  all  xc  m*'.  If  there  are  constants  R>r>0  such  that  J>0  in  (B  \{0})  fl  (m*^)'*'  while 
I < 0 on  m \Bj^  , then  J has  a critical  point  in  {x  t m | J(x)  >0}  and  a corresponding  critical 
value  characterized  by 

(1-11)  c=  inf  "'ax  J(h(x))  > 0 

h t r xt  m n s 

k+1  m ^ 

where  r = {h  t C(m  f1  B^^,  m'"),  h(x)  = x if  I(x)  < 0}  . 

Remark  1.12:  The  proof  of  Theorem  1.10  is  contained  in  the  Appendix.  Note  that  the  hypotheses  of 

the  theorem  imply  x = 0 is  a critical  point  for  J and  that  J possesses  a positive  maximum  with 
a corresponding  critical  point  in  B^^.  However  in  general  the  maximum  of  J is  not  the  critical 
value  given  by  (1.11).  In  particular  for  our  application  where  J = I as  defined  in  (1 . 9) , I is  not 
bounded  from  above  or  from  below  in  Hj  , so  there  is  probably  no  hope  of  getting  a solution  of  (1.8) 
via  maximizing  I on  finite  dimensional  subspaces  of  Hj. 

To  obtain  approximate  solutions  of  (1.8),  define 

= span  {sin  j x sin  k t,  sin  j x cos  kt|0<j,k<n}  . 

Z m 

Since  dim  E = 2n  + n = m,  we  can  identify  E with  m""  Set 
n n 

n'*’  = span  (sin  j x sin  k t,  sin  j x cos  k t|  k > j } 

and 


N = span  (sin  j x sin  k t,  sin  J x cos  k t|j  > k}  . 

Set  J = I as  defined  in  (1.9)  and  consider  iL  . By  ( f.)  and  (1. 7 ) , 1 1 c’(E  ,m)  and  by(f, land 

t-  1 n 2 

k - 

(1, 7 ),  I < 0 on  m = (N  0N  ) n E^.  Moreover  by  (1.7),  if  U(  L and  ||  u ||  ^ = 1 , I(ou)-»  -«> 
as  1 0-1  -*  00.  Hence  there  is  an  R = 5<|i)  such  that  l(u)<0  if  u c E^  and  ||u||  ^ > R-  L'^stly 
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observe  that  for  r = r(n)  sufficiently  small,  by  (f^Xi),  I > 0 in  (B^\{0})  fl  (where 

(ir'')'*'  = n E ). 

n 

k+1  k 

Let  m = IR  tP  span  {sin  x sin  2t}.  Invoking  Theorem  i.  10,  we  have  : 

Lemma  l.Bt  l|  possesses  a criUcal  value  c = c (P, K)  characterized  as 


(1.14) 


n n 

" ^ ‘ ^n  u c Ir'^+*  n 

.k+1  ^ 


where  = (h  c C(IR  fl  , E^)  | h(u)  = u if  l(u)<0}. 

Remark  1,15:  Actually  to  apply  Theorem  1.10,  all  we  need  is  z f (z)  > 0 instead  of  (f  ).  More- 

K 2 

over  if  f^  is  even,  we  can  drop  (f^)  and  weaken  (f^Ki).  See  e.g.  [7]  or  [8],  We  also  observe 

for  later  reference  that  (f^)(i)  will  not  be  used  for  any  of  the  estimates  obtained  from  this  point 

on  until  §5  except  for  Lemmas  2.47  and  3.40. 

Our  goal  s to  show  that  if  u is  a critical  point  of  l|  with  I(u  ) = c , then  a 

" n n 

subsequ^ce  nverges  to  a solution  u = u(p,K)  of  (1.8).  To  achieve  this,  estimates  are 

required  fo-  tions  u^  The  first  two  steps  in  obtaining  suitable  bounds  are  contained  in 

the  following  result. 

Eor  the  remainder  of  this  paper,  subscripted  a's,'v's,  M's,  and  A's  repeatedly  denote 
positive  constants. 

Lemm^.  lb ; There  exist  positive  constants  Aj,M^  independent  of  n,  p,  and  K and  such  that 

1°  c <A, 
n - 1 

livin' “nil  l^'^l  • 

o ^ 

Proof:  We  exploit  (1.14)  to  get  1 . Set  = (N  ©N‘  ©span  (sin  x sin  2t})  P E^  . Since 
h(u)  = u c r^,  by  (1.14)  , 


(1.17) 


‘'n  S '"^x  l(u)  < max  l(u)  . 

u i V flB_,  , u { V 

n R(n)  ''n 


The  right  hand  side  of  (1.17)  is  finite  by  (1.7)  and  the  form  of  I.  Suppose  the  maximum  is  achieved 
at  u = u^  . Each  u e can  be  written  as  u = r(a  sin  4 sin  x sin  2t  + cos  i ?>(x,t))  where 


si 


n X sin  2t||  ^ = a'  , ».«  (N©n‘)  (1  E^,  |M|  ^ = 1,  i,  [0,  2<r),  and  r = |lu||  . Choosing 


u = u with  L norm  r = r(n),  and  observing  from  (1.14)  that  I(u  ) > 0,  we  find 
n n 
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(1.18) 


cos 


f 2 , c,  2 2,^  , P 2 2 , r 

— cos  i J (<p  - <p  )dxdt  + ^ r cos  i J 


V ^ dxdt 
nt 


+ Fj^(u^)dxdt  < sin*^  4 


where  u = v + w t N^N  . Since  all  integrals  on  the  left  hand  side  of  (1.18)  are  nonnegative, 
n n n 


we  conclude  that 

(1.19) 


/ F (u  )dxdt  < 7 

•'m  I'  n ~ 2 

T 


Remark  1.  2 Implies  that  for  | z | < K ^ 


Fj.(2)  = F(z)  > «jlz| 


(1.20)  ^ “ “2 
where  o^,  are  Independent  of  K . By  (1.7)  for  z >K 

(1.21)  Fj,(z)  = F(K)  + f(Kl(z-K)  + (z-K)^  + -£^(z-K)'‘  . 

In  particular  for  z c [K,2K], 


F^(z)  > F(K)  > OjK°  - <»2 


while  for  2K  < z = \K,  y > 2,  we  have 


r„(z)  >-2^(z-K)'‘  > ^(y-1)‘’k‘‘  = ^ 


r y 


- 2^ 


provided  that  p(K;  > 1 which  choice  we  henceforth  make.  Similar  estimates  hold  for  z < 0.  Hence 
for  all  z ( IR, 

(1.22)  Fj.(z)  > «jlz|^  - 

where  6 = min(4 ,o'S  > 2 and  the  constants  “j»“4  are  independent  of  K. 

Using  (1.19),  (1.22),  and  the  Holder  inequality,  we  see  that 

6 

(1.23)  |r^  > / |GJ®dxdt  - - “f,  = “6  ■ “6- 

Since  6 > 2,  (1.  23)  gives  an  upper  bound  for  r: 

(1.24)  r<f 

where  r is  independent  of  n,  p,  or  K . Returning  to  (1.17)  and  using  the  form  of  I,  we  get 

32  2.  3 ^2 

(1.25)  c <I(u  )<  - r sin  7r  s A, 

' n— n— 2 2 1 

which  proves  1°  . 
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^ •'  V,' 


1 


To  verify  2 , observe  first  that 

(I.  26)  c = I(u  ) = f - p v^  ) - F^(u  ) Idxdt  . 

n n ' 2 nt  nx  nt  K n ' 

Since  u Is  a critical  point  for  I 


'E  ’ 
n 


= ° = / ’’t  - ^x”x  - ^ ''nt't't  ■ 
for  all  ^ t E where  ?>  = i)<  + x,  4>  ‘ N»  X < N"*.  Clioosing  »>  = u in  (I.  27)  and  forming  (I.  26) 


(1.2^) 


^1.  27)  yields 


(1-28)  c = f (^f  (u  )u  - r„(u  ))dxdt  . 

n *^ZNnn  Kn 

A simple  computation  shows  that  (with  u = u ) 

n 

(1.29)  j"(  j f|^(u)u  - E|^(u))dxdt  = J ( f(u)u  - F(u))dxdt 


T,(u) 

+ / - F(K)  - j(u-K)f(K)  +1  K(u-K)f'(K)  + -®^Klu-fO^+7P(K)(u-K)‘‘]dxdt 

T^lu)  i.  L 2 4 


+ / (jfl-KH-K)- F(-K)-j(u  + K)f(-K)-|K  (u+K)f'(-K)  (u+K)^  + jp(K)(u+K)‘’ ]dxdt 

Tj(u)  2 2 2 4 

where  Tj(u)  = {(x,t)  c T|  |u(x,t)|  < K),  T^(u)  = {(x,t)  c T|u(x,t)  > K},  and  T^(u)  ^ T\(Tj(u)U  T^(u)). 

Using  (fj)(ii),  it  is  easy  to  verify  that  there  is  a constant  Vj  > 0 and  independent  of  K such  that 

(1.30)  f ( ^f  (u)u  - F (u))dxdt  > -y,  + (-^-0)f  f(u)u  dxdt 

T ^ ^ - 1 2 


+ / (( j - 0)  f(K)K  +-^  K(u-K)S  ^p(K)(u-K)'']dx  dt 


T^lu) 


+ / [(  7 -0)  f(-K)(-K)  + ^ (-K)(u  + K)^  +i'p(K)(u+K)‘']dxdt 

T3(u)  ^ 2 ® 

4 4 

provided  that  p(K)_>  1 (f(K)  + f(-K>  ) which  choice  we  make.  Lastly  there  is  a constant  V2  ^ ^ 

and  independent  of  K such  that 

(1.31)  J"  f (u)udxdt  < -^  + J"  f(u)u  dxdt 

T ^ Tj(u) 

+ / [f(K)K  + p(K)K(u-K)^  + J p(KKu-K)'’]  dxdt 


T^lu) 


+ f [-Kf(-K)  + p(K)(-K)  (u+K)'^  + 7 p(K)(u+k)'’ldxdt 

-9- 


Tjlu) 


! 


provided  that 

r(K)  > {(K)"*  + f'(K)‘^  + K‘‘f'(K)‘‘  + f(-K)'*  + f'(-K)^  + k'*  ft-K)"* 

which  we  further  assume.  Combining  (1.  28),  {1.  30)-:i,  31)  yields 

1^- 'Vo  ^ y.  f )u  dxdt 

n 3 — 4-'^Knn 

for  constants  y ^,y  ^ independent  of  n,|3,  and  K . Hence  2°  obtains. 
Remark  1.33:  Tor  later  reference,  observe  that 

(1.3-1)  ^ ^2 

with  M independent  of  n,  p,  and  K since  (with  u = u ), 

^ n ' 


§2.  Solution  of  the  modified  problem. 

Starting  from  the  bounds  just  obtained  for  f„(u  ),  we  shall  use  bootstrap  arguments  to 

K n 

estimate  u^  in  stronger  norms.  These  new  estimates  depend  on  p and  K.  However  they  suffice 
to  show  a subsequence  of  (u^)  converges  to  a classical  solution  u = u(p,Ki  of  the  modified  equa- 
tion. An  additional  argument  shows  ^ >0  so  u is  a nontrivial  solution  of  (1.8). 

The  above  program  will  be  carried  out  as  a series  of  lemmas.  First  some  brief  preliminary 
remarks  about  N.  From  (1 . 5),  we  have  if  ve  N,  v = p(x-Ht)  - p(-x-tt)  = v^  - v where  Pc  L^(sS. 


Imposing  the  normalization 

(2.1) 

makes  p unique.  A simple  computation  shows  for  p,q  < L‘'(S‘), 

(2.2) 


[P]  = J^^P(s)ds  = 0 
0 


. 2,„1. 


J p(x+t)  q(-x+t)dxdt  =-^[p][q]. 

T 

Hence  for  v = v - v t N,  (2.  2)  and  our  normalization  [v  ] = [v  ] = 0 imply 

(2.  3)  J v^  dxdt  = J ((v^)^  + (v’)^)dxdt  . 

T T 

With  these  observations  in  hand,  we  begin  our  estimates  for  u =v  + w rN9N  . 

n n n 

Lemma  2.4:  If  u is  a critical  point  of  ll_  and  I(u  ) = c . there  are  constants  M_.  M > 0 

n 'E  n n'  3’  4 


(2.5) 
and 

(2.6) 


‘'II  liv  .11 , < M /p 

n " c — V TT  ''  nt ",  2 — 3 


where  is  independent  of  n,  p,  and  K and  depends  only  on  K. 

Proof:  From  Lemma  1.13  we  have 


(2.7) 


I’(u  )<p  = 0 
n 


for  all  <p  t Z . Choosing  o>  = v = w - v = p (x+t)  - p (-x+t)  yields 
n n n n n n 


(2.8) 


L T L 


< 2llv;ii^iiyu^)|l^^ 


since  l|v^||  = llv  |L.  Using  the  normalization  [ p ] = 0,  we  also  have 

n ^ n w n 


(2.9) 


lv„ll^  = llpj!  , < (2n)^  l|p;^|| 

" ^ " C(s')  L‘'(S>) 
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Combining  (2.9)  with  (2.  8),  (2.  2)-(2.  3),  and  (1,  34)  gives  (2.  5). 

To  obtain  (2,  6),  let  <p  = V t E in  (2.8).  Then 

ntt  n 

(2.10)  2'l''ntt!'  2 • 

L T L L 

The  definition  of  f|^(z)  impli's  there  is  a constant  a = a(K)  such  that 
|fj.(z)l  < a(K)  (1  + |z|^ 
with  this  observation,  (2.10)  implies  (2,6). 


Remark  2, 11:  Note  that  (2.10)  contains  a ^ while  Lemma  1.16 

only  provides  us  with  a bound  on  11  j • same  estimates  would  have  been  obtained 

had  we  been  working  with  f instead  of  fj,.  It  was  to  bridge  this  regularity  gap  that  led  us  to 
introduce  f^,  . How  this  is  done  will  be  seen  shortly  in  Lemma  2.18. 

To  continue,  a representation  theorem  for  solutions  of 


(2.12) 


□ w = g,  0<x<ir,  ttIR 
w(0,t)  = 0 = w(w,t ) , w(x,t+2TT)  = w(x,t) 


is  required. 


Lemma  2.13:  If  g € 0 N"''  (H^  D Np,  j > 0,  there  exists  a unique  w c H N"*" 

1+1  * 1 

(H  n Hj  n N ) satisfying  (2.12)  and  the  map  from  g—  w is  continuous  between  these  spaces. 


Moreover  letting 


(2.14)  (*g)(x,t)  = - j g,^^T.)drdC+  I g(4,Tld-rd^, 

X t+x-e  0 

for  the  case,  w has  the  representation 


(2.15) 


w(x,t)  = (4>g)(x,t)  - Z 0((4'g)(>«>f)) 


where 


(Zp)(x,t)  = p(x+t)  - p(-x+t) 


(Qv|j){y)  = /"(4^(y-s,s)  - >Hy+s,s))ds. 


Remark  2. 16  A proof  of  the  C*  case  can  be  found  in  [9]  and  the  case  in  [10].  For  ) = 0,  the 


solution  is  only  a weak  solution  of  (2.12). 
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Some  further  notation  is  required  at  this  point.  For  0 C Ir'^,  o f (0,1),  and 


let 


llu| 


C («) 

It  is  easy  to  verify  that 

r 


zp|| 


< 2||P| 


(2.17) 


C“(T) 


c“(s‘) 


IIOHI  ^ , < 2II  + II 

C (SM  C (T) 

Returning  to  our  estimates  for  u , we  have 

n 

Lemma  2. 18 : There  is  a constant  depending  on  K and  p but  independent  of 


(2.19) 


|w  II  1 < A,  . 

n ^2  3 


Proof : Equation  ( 2.  7 ) implies 

(2.20)  Dw  = p V - P f (u^)  = I 

n ntt  n K n n 

where  P^,  denotes  the  orthogonal  projector  of  L^(T)  onto  E^.  Applying  Lemma  2.3 
(2.20)  shows  for  any  at  (0,1)  , 


(2.  21) 


|w  II  < - ll^-  £,  II 


To  further  estimate  the  right  hand  side  of  (2.  21),  let 

X(X,t)  = ;(|,T)dTde  . 

X t+X-4 

Then  by  Schwarz'  inequality. 


(2.  22) 


Ix(x,t)|  < ’sTZ  -tr||;| 


and  similarly 

(2.23)  |x(x+h,t+k)  - x(x,t)|  < ( /^  ?>^dTd4  )^(  (.^drdl  )^  < o’j(  | h | + | k | )^  ||  4 ||  . 

where  A denotes  the  region  of  integration  for  the  difference  in  the  two  values  of  x 
is  a Banach  algebra, 

(2.24)  llv-xll  „ < -»Jk!|  „ llxll  ^ 

c c c 


u c C(fi,IR), 


n such  that 


and  ( 2. 17)  to 


■(T) 

. Since  C^’fT) 
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for  all  C*.  Hence  taking  a = | and  combining  (2.  20)-(2.  24)  yields 

(2.25) 


Wnll  . < '’n  WW?  < “3<P”''nttll  2'"  2’  ‘ 


Applying  (2.6)  we  further  conclude 


(2. 26) 


'"'nil  i ^ “4<^+  ll^ll  2> 


where  a depends  on  K . 
4 


To  improve  (2.  26)  and  obtain  (2.19),  some  simple  observations  and  an  interpolation  argu- 


ment are  used.  By  (1.  36)  and  (2.  5), 
3 


M, 


(2-27)  lluJI  < (llvj^  + II lie’ll  “nil  4 ^ ^ H "'n 'b ‘ 

L i-* 

Using  the  Holder  inequality  and  (1.  36)  and  (2.  5)  again  shows 


(2.28) 


w = u - V 0 ^ < a. 

' n " ^4  " n n " j^4  — 5 


where  depends  on  p and  K . 


By  a general  interpolation  inequality  [11]  , for  -<»<\.<(i<v<oo  and  e.  g.  tp  € C (T)  , 


Zllf  Bzl 

'2.29)  iiHi  i/,<  ^iIMi7a  ii"’ii7/v 


where  for  s < 0,  if  p is  the  greatest  integer  in  - ~ and  -o  = p + j , 


E 11  dM 

tT=P 


if  a = 0 


Y H (D°'v>)  if  o > 0 . 

kt=p  “ 

(Actually  the  inequality  in  [11]  requires  <p  to  have  compact  support  but  because  of  our  boundary 


conditions  in  x and  periodicity  in  t , the  result  readily  extends  to  our  case.  ) Choosing 


X = -^  shows  IIpII  = Hi(^).  Further  setting  v = X and  p = 0 in  (2.29)  gives 
^^^11  >1 

(2.30)  11^.11  < \,(H,(v.))^  Ilv>||%  < y,  IMIS  IMI%  . 


Combining  (2.  26)-(2.  28)  and  (2.  30)  then  yields 


(2.  31)  |lw_||  , < y^(l  + II  w^  II  , 

from  which  the  lemma  follows. 


n"_i  - '2'  " n'  i 

C C 


1 
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Now  that  (2.19)  has  been  established.  It  is  easy  to  use  bootstrap  arguments  to  estimate 


higher  derivative  norms  of 

Lemma  2.  32:  There  is  a constant  A,  depending  on  K and  (3  such  that 

4 

(2.J3)  J * 2 i \ ■ 

n H 

Proof : By  Lemma  2.13  with  ] =1,  (2.5)-(2.6),  and  (2.19),  we  have 

(2.31)  llwjl  j < -illPv^^^-P^f^(u^)||  < -2  . 

H L 

From  (2.7)  with  <p  = v , we  obtain 
nt'* 

(2.35)  |3|lv  11^^  < 1 / f'j,(u^)u^^  V ^dxdtl 

nt  L T nt 

so  (2.  5),  (2.19),  (2.  34)  and  the  Schwarz  inequality  give 

(2.36)  ||v  jll  2 £ “3  • 

nt  L 

jU 

For  V t N n C'  , k >2  , [Jv  = 0,  and  it  is  easy  to  verify  that  all  derivatives  of  order  k of  v have 
the  same  L^  norm.  Hence  (2.  36)  and  (2.  5)-(2.6)  imply 

(2.37)  llv^ll  3 1 <*4  • 

H 

Finally  Lemma  2.13  again  with  j = 1 and  our  above  estimates  show 

(2.38)  ||w  II  2 1 <^3  • 

Thus  (2.  33)  obtains 

We  can  now  solve  (1.8). 

Theorem  2.  39 : The  modified  equation  (1.8)  possesses  a nontrivial  classical  solution. 

Pi  oof ; Lemma  2.  32  and  standard  embedding  theorems  imply  that  along  a subsequence  of  the  u^. 

V converges  in  f1  N to  v = v(3,K)  t H N and  w converges  in  D ( and  iheietoie 
n n 

■ J 2 2 

in  n N ) to  w = w(i3,K)  t H fl  N . Tbu  we  can  pass  to  a limit  in  (2.7)  to  conclude  for 
u = V + w that 

(2.40)  r(u)c  = 0 for  all  c , E . 

nt  IN  n 

This  implies  u satisfies  (1.8)  a.e.  Since  f,,(u)  < C and  w satisfies  (2.15),  we  see  that  w , t'’, 

K 

3 2 

Assuming  for  the  moment  that  v t C , Lemma  2.13  shows  w t C and  hence  u is  a classical 
solution  of  the  modified  equation. 
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To  verify  that  vc  C , we  write  v = p(x+t)  - p( -x+t)  with  [p]=0.  From  (2.  40)  or  (1. 6)  it 
follows  that 

(-P(p"(x+t)  - p"(-x+t))  + f|^u)](Ux+t)  - ;(-x+t))dxdt  = 0 
for  all  ^ ( L^(S').  Denoting  the  expression  in  brackets  by  iKx,t)  and  using  the  periodicity  of  ^ 
and  i|)  in  t shows 

i|i(x,  t)  i(x+t)dxdt  = ij;(x,t)  4(x+t)dxdt 


/II  ^ 2 Tr 

j 4j(x,  s-x)^(  s)dxds 


and 


0 0 


(2.43)  /^  / i|;(x,t)t,(-x4t)dxdt  = ^4i(x,  s+x)f,(s)dxds. 

0 0 0 0 

Thus 

(2.44)  ^(s)[j'^(il;(x,s-x)- d<(x,s+x))dx]ds  = 0 
® 2 1 ° 

for  all  t,  ( L (S  ).  Hence 

(2.45)  y^(4)(x,  s-x)  - i{)(x,  s+x))dx  = 0 . 

0 

Substituting  for  i)/  from  (2.41)  and  simplifying  yields 

(2.46)  2ir  p p"(s)  = fj^(u(x,  s-s))  - fj^(u(x,  s+x))dx  . 

2 ° 3 

Since  W{  C and  vt  C , (2.46)  shows  p'"  is  continuous  in  s and  therefore  vt  C , 

To  complete  the  proof,  we  must  show  u ^ 0,  i.e.  u is  a nontrivial  solution  of  (1.  8).  This 

is  a consequence  of  the  following  lemma. 

Lemma  2.  47  ; For  each  p,  K > 0,  there  is  a constant  ■y  = \(P,K)  > 0 independent  of  n such  that 

(2.48)  llu^ll^  > y . 

Proof : From  (2.5),  (2.8),  we  have 

(2.49)  Pllvjl^  < ajl|yu_^)|l^. 

By  (fj(i)>  for  all  e > 0,  there  is  a constant  ^ ® such  that 


z f j^z)  £ E I z I + A I z] 


(2.  50) 

for  all  2 € IR.  Employing  (2.  50)  in  (2.  49)  shows 

“,E  a 

(2.  51)  II V II  < —L.  A + __L  A 

" n"c  - p n + p n 
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'i^SSa^aSi 


whore  = II IIq  + II  IIq-  From  Lemma  2. 13,  (2.  6),  and  (2.  50)  we  get 

(2.^2)  ll-nllc-"3ll-^''ntt"Pn  W ^ 2 ^ 

L L 

Adding  (2.  51)-{2.  52)  yields 


(2.  53) 


2 a )e  + a . 
n — p 4 n 6 n 


Since  the  constants  and  are  independent  of  n , on  making  e + 2a^)  £ ^ , we  got 


(2. 54) 


13  -- 

— A < a A or  A >(2a,)  ^ 
2n— 5n  n— 5 


Thus  the  lemma  and  Theorem  2.  39  are  proved. 


Remark  2.55:  From  (1.  34)  and  the  convergence  of  a subsequence  of  the  to  u(p,K)  we  get. 


(2.56) 


|fj.(u)||  1 £ M^. 


Remark  2,  57  : Had  we  only  assumed  (fp,  (f'^lj  and  (f^)  (see  Remark  1.  37),  the  results  of  this 

section  remain  unchanged  until  Lemma  2.32  which  is  lost.  However  the  uniform  bounds  obtainoi: 


for  II V II  , + II  w II  1 are  sufficient  to  get  a subsequence  of  v + w to  converge  to  a function 
u = v+w  € C which  satisfies 

(2.  58)  J (u  U (f  - P V V,,  + l(u)<p)dxdt  = 0 

T 

00  2 1 
for  all  v>  < C|^{T).  Arguments  in  the  proof  of  Theorem  2.  39  further  show  v c C and  w t C . 

l.astly  the  proof  of  Lemma  2.47  is  unaffected  for  this  case  so  u is  a nontrivial  weak  solution  of 
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§3.  A weak  solution  of  (1.1). 

In  this  section,  the  solutions  u = u((3,K)  of  (1.8)  will  be  used  to  get  a weak  solution  of  (1.  1). 
Our  program  is  to  first  get  an  upper  bound  for  ||u(p,K)||^  Independent  of  p and  K.  This  permits 
us  to  choose  K so  large  that  fj^(u)  = f(u)  for  u = u(p,K).  With  K thus  fixed,  we  show  {u(p.K)} 
is  equicontinuous  in  C(T)  from  which  it  easily  follows  that  (1.1)  has  a weak  solution.  An  addi- 
tional comparison  argument  shows  the  solution  we  find  is  nontrivial. 

To  begin  we  have: 

Lemma  3.1:  Let  v = v(p,K).  Then  with  as  in  (2.56), 

(3.2)  j < M^A  . 

Proof:  Writing  v(x,t)  = p(x+t)  - p(-x+t),  from  (2.  46)  we  have: 

(3.3)  2it  p p"(s)|  ds  < "( 1 f (u(x,s-x))|  + I f (u(x,  s+x))  I )dxds. 

0 0 0 

Reversing  the  steps  which  led  from  (2.  4l)  to  (2.  46)  then  shows: 

<3-4)  "P||P"I|  , I 1 IIUu)||  . 

L*(S‘)  ^ L* 

from  which  (3.  2)  follows  via  (2.  56). 

Corollary  3,5:  There  is  a constant  independent  of  p and  K such  that 

(3.6)  |lw(P,K)ll^,  < . 

Proof : From  (2.15)  we  get 

IKIlc  1 "jll-P  • 

Hence  the  result  follows  from  (3.  2)  and  (2.  56). 

Our  next  goal  is  to  get  a bound  for  ||v||^  independent  of  P and  K.  This  is  somewhat 
delicate  since  we  have  to  get  a pointwise  estimate  while  working  with  the  projection  of  (1.8)  on 

N . 

Lemma  3.7:  There  is  a constant  A^  such  that  for  all  p,  K > 0 , 

(3.8)  l|v(P.K)||^  < A^  . 

Proof : If  V 3 0 for  some  P,K,  we  trivially  have  a bound.  Hence  we  assume  v y"  0 for  what 

follows.  From  (2.41)  wo  obtain 
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(3.9) 


(3.9)  / (-P  + f|^(u))?>  dxdt  = 0 

for  all  <p  I N.  Further  assume  v>  < Then  ( 3.  9)  can  be  rewritten  as 

(3.10)  ''t’’t  ■ fj,(w))?>]dxdt  = -j  fj^(w)»>dxdt  . 

We  will  get  the  estimate  (3.8)  by  choosing  p to  be  an  appropriate  nonlinear  function  of  v . 
Define  a function  q : IR-*  IR  by  q(s)  = 0 if  |s|  < M:  q(s)  = s - M if  s > M;  and  q(s)  = s + M 

if  s < -M.  Further  set  v=  p(x+t)  - p(-x+t)  = - v with  [p]  = 0,  q^  = q(v^),  q = q(v  ) , 

and  choose  <p  = q^  - q'  , Then  t N by  construction.  Consider 

(3.11)  / ,p^  dxdt  = J [q'(v'*')(v^)^  - q'(v'*')v^v'  - q'(v')v'v^  + q'(v')(v')^]dxdt  . 

Since  [v*]  = 0,  the  middle  two  terms  on  the  right  in  (3.11)  vanish  by  (2.2).  The  remaining  terms 
are  nonnegative  since  q'  >0.  Hence  (3.10)  implies 

(3.12)  J(fj,(v+w)  - fj,(w))(q'''-q")dxdt  < ||  fj.(  w)  J(  ] q'*' | + |q'|)dxdt  . 

For  any  6 > 0,  let  T^  = {(x,  t)  € T|  | v(x,  t)  ( > 6 },  T^  = {(x,  t)  t T|  v(x,  t)  > 6 },  and 

Tf  = T.  \ t7  . By  (f.,),  the  integrand  on  the  left  hand  side  of  (3.12)  is  nonnegative.  Therefore 

6 o ' o 2. 

(3.13)  /(fj,(v+w)  - f|^(w))(q'''-q’)dxdt  > J (fj,(v+w)-f|^(w))  • (q^  - 9 ) dxdt. 


Define 


(3.14) 


min  fJz+t,)  - f (^), 

max  f (z+t,)  - f (^), 
K|<M, 


with  M from(3.6).  By(f  ),  4i„(z)  is  strictly  monotonically  increasing,  andby(1.7), 

5 2 

i|)  (z)—  ±<»  as  z — ±“.  By  (3.14), 

K 

+ - + 

(3.18)  / (f„(v+w)  - f (w))(q  - q')dxdt  > J v(q  -q  )dxdt 

4'  (6) 

> f ''(9^  - q’)dxdt 


"C 

^6 


since  v(q  - q ) > 0,  Observing  that  for  z < 0 


(3.16) 


4,  (z)  = - min  f (;)  . f (z+;) 

K 
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ppiflpppipvnrw’WT" 


we  similarly  find: 


4>  ( -6) 

(3.17)  f (f  (v+w)  - f Jw))(q'*’  - q‘)dxdt  > -ip-n f v(q‘'’-  q‘)dxdt  . 

T ^ II V 11 

^6'  C Ij,- 

For  z > 0,  let  = min(4jj^(z),  -4)j,(-z)).  Then  is  strictly  monotonically  increasing 

and  “ as  z— «>.  By  ( 3. 15),  ( 3. 17)  we  have 

^ (6) 

(3.18)  J (fj,(v+w)  - fj,(w))(q''’-q  )dxdt  > Tr~ir  / v(q^-q  )dxdt 


'C  T, 


P-J6) 


"C  T 


1aJ6) 


(/(v^-v  )(q^-q')dxdt  - J v(q^  - q')dxdt] 


T\T, 


> "jj-y  II  [/(V  q + v'q‘)dxdt  - 6 /(  |q  | + |q‘  | )dxdt]  , 

C T T 

the  last  Inequality  following  via  (2.  2)  since  [v*]  = 0 . 

The  definition  of  q(s)  Implies  sq(s)  > Mlq(s)|.  Hence  (3.12),  (3.13),  and  ( 3. 18)  imply ; 


r + (M-6)P  (6) 

(3.19)  l|f^(w)||^  / (|q  I + |q  |)dxdt  > — / (|q  [ + [q  ( )dxdt 


Choosing  any 
obtain : 


M < 


the  integral  term  in  (3.19)  is  positive  so  we  can  divide  by  it  and 


since  ( 3.  20)  is  valid  for  any  M<  ]]  v*  ||^  , we  can  pass  to  a limit  and  let  M=l|v*||^.  Further 
noting  that  ||  v ||^  < 2 1|  v*  ||^,  ( 3.  20)  implies 

II V* lie'  6 

(3.21)  — • 

2||v*llc  " ^ 

Choosing  e.g.  6 = ll|v*l|^,  we  get 

(3.22)  ■ 

By  (3.  6),  the  right  hand  side  of  (3.  22)  is  bounded  independently  of  p and  K.  By  ( f ^Kii)  and 
(1.7),  given  any  A > 0,  there  Is  a such  that  |(i.(2)l  for  all  ]zl>z  and  for  all 

K.  Using  the  definition  of  , (3.8)  follows  from  these  observations  and  the  lemma  is  proved. 
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Remark  3.  23 ; Related  but  simpler  arguments  using  q can  be  found  in  [1],  [10],  A somewhat 

0 

cruder  argument  using  (fj)(ll)  and  avoiding  (f^)  could  have  been  employed  to  obtain  (3.8). 
However  the  above  proof  makes  the  equicontinuely  argument  of  Lemma  3.  29  much  briefer. 

Remark  3.24:  Henceforth  we  take  K = M,  + A.  so  at  a solution  of  (1.8)  we  have  f..(u)  = f(u). 

Thus  we  can  and  will  generally  suppress  K in  what  follows. 

Corollary  3.25;  There  is  a constant  independent  of  p such  that 

(3.26)  llwll  < . 

C 

Proof;  By  Lemma  2.13, 

(3.27)  ||w|l^j  < oTjH-P  v^^+  f(u)ll^. 

^ From  (2.46)  we  get 

(3.28)  Pllvjjlc  < 2l|f(u)||^  . 

Hence  (3.  26)  follows  from  (3.  27)-(3.  28),  (3.6),  and  (3.8). 

The  last  preliminary  needed  to  obtain  a weak  solution  of  (1.1  ) is 
Lemma  3.  29 : The  functions  v = v(P)  form  an  equicontinuous  family  in  C D N. 

Proof ; The  proof  is  similar  to  Lemma  3.7  so  we  will  be  brief.  Let  u = v + w be  a solution  of 
(1.8)  and  h t IR.  Set  v(x,t)  = v(x,t+h),  w(x,t)  = w(x,t+h),  u=v  + w,  V = v-v,  W = w-w, 
and  U = V + W.  From  (2.  41)  we  have 

(3.30)  f (-P  + f(u)  - f(u))  <p  dxdt  = 0 

T 

for  all  c N.  This  can  also  be  written  as 

(3.31)  J p V dxdt  + J(f(v+w)  - f(u))  dxdt  = - j"(f(u)  - f(v+w))?)  dxdt  . 

T t t T T 

Choosing  v = q(V^)  - q(V')  s - Q*  where  = v^  - v^,  etc.  yields  the  analogue  of  (3.12): 

(3.32)  f (f(V+u)  - f(u))(Q'*'  - Q )dxdt  < l|f(u)- f(v+w)||  f(  jp'*’!  + jO  | )dxdt. 

T ” ^ T 

From  (3.6),  (3.8  ),  and  (3.  26)  we  see 

(3.33)  l[f(u)  - f(v+w)l|^  < \jM^Ih|  . 

Next  let  4/(z),  p(z)  be  as  in  Lemma  3.7  where  we  drop  the  subscript  K and  replace  Mj. 

by  M_+A  . Arguing  as  in  Lemma  3. 7 we  find 
D b 
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(3.34)  /(f(V+u)  - f(u))(0^  - Q’)dxdt  > 1^  (M-6)  /(|0^|  + l0'l)dxdt 

and  C T 

(3.  3-i)  HL(il|V*||^)  < M^|h| 

or 

(3.36)  max  ,lp(s+h)  - p(s)|  < 2p  ^4\,M,|h|) 

s t S*  * ^ 

where  as  usual  v(x,t)  = p(x+t)  - p(-x+t).  Thus  (3.  36)  provides  us  with  a modulus  of  continuity 
for  V independent  of  ± and  the  lemma  is  proved. 

Theorem  3.  37 : If  f satisfies  (fj)-(fj),  (1.1)  possesses  a nontrivial  weak  solution  u = v+w  i 
(C  n N)  iB(C*  n N'S  satisfying 

(3.38)  / (uD  ?)  + f(u)  »>)dxdt  = 0 
00 

for  all  v>t  Cg(T). 

Proof:  Let  u(p)  = v(p)  + w(p)  denote  a family  of  solutions  of  (1.8)  for  p > 0.  By  Corollary 

3.25,  the  functions  w(p)  are  bounded  in  C*  H N"*"  and  by  Lemma  3.7  and  3.29  the  functions 
v(P)  are  uniformly  bounded  and  equicontinuous  in  C 0 N.  Hence  as  p-*  0 along  some  subse- 
quence, u(P)  — v+w  ( (C  n N)  a>(C  n N'*’).  Thus  writing  (1.  8)  in  its  weak  form  and  passing  to 
a limit  gives  (3.  38). 

To  see  that  w c C*  ft  N"*",  it  suffices  to  show  that  w satisfies  (2.15)  with  g = -f(u). 

By  (3.8),  (3.28)  and  an  interpolation  inequality  [11], 

1 + 2 33 

(3.39)  1 PiKtfP'ilc  p ^<*5  + '^5»'  *5"*  " 

as  p—  0.  Since  P]|v^J|  ^ — 0,  we  can  pass  to  a limit  in  ( 2. 15)  for  w(p)  to  get  (2.  15)  for  w. 

It  remains  to  show  u is  a nontrivial  solution  of  (1.1).  This  is  a more  difficult  problem 
than  that  confronted  in  Lemma  2.  47  since  we  no  longer  can  use  the  p term  to  help  us  as  earlier 
and  (fj)(i)  gives  us  no  information  on  how  rapidly  z *f(z)  -*  0 as  z -•  0.  We  got  around 
these  difficulties  with  the  aid  of  a comparison  argument.  The  following  lemma  completes  the 
proof  of  Theorem  3.  37. 

Lemma  3.40:  There  is  a -^>  0 such  that  |lw(p)||^  >y_  for  all  p near  0. 


Proof: 


From  ( 2.50)  we  see 


(3.41) 
for  all  z t K.  Hence 

(3.42) 


F^(z)  < f 


I(u)  > J(u)  = J [ ^ ' ~4~  jdxdt 

for  all  u t U E . Recalling  that 


n € IN 


= {he  C(Bj^^jn  m'‘*"’^*,E^)|h(u)  = u if  l(u)<0}, 


we  have 
(3.43) 


c = inf  max  I(h(u))  > inf  max  J(h(u))  h b 

h<r  htr  ucB^niR^''"  " 

n R n R 

+ k _L 

We  claim  that  b is  a critical  value  of  Jl..  . Indeed  for  u < N 0 E = (IR  ) . 

n ' • F n ' ' f 


(3.44) 


1 r , 2 2._.  ^ 3 r 2 , . 

— I (u  - u )dxdt  > — / u dxdt. 

2 t X — 2 -L 


4 2 

Since  for  u t E , ||u||  . =o(||u||  ) at  u = 0,  by  requiring  that  e < 3,  we  see  there  exists  an 

L L 

r = r(n,K)  > 0 such  that  J(u)  >0  for  u c (B^\  {0})  0 (IR  )■*■.  it  is  now  easily  verified  that  J 

satisfies  the  remaining  hypotheses  of  Theorem  1.10  and  b as  defined  in  (3.43)  is  a critical 

n 

value  of  Jlj.  with  b^  > 0.  From  ( 3.  43)  and  (1 . 28) , we  have 
n 


(3.45)  c^  =/[iyu^)u^-F^(u^)]dxdt>b^  = U 


dxdt 


where  u^(p,K)  is  a critical  point  of  J|^  corresponding  to  the  critical  value  b^.  As  was 

n 

observed  in  Remark  1.15,  the  fact  that  f satisfies  (f^)(i)  was  only  used  to  verify  the  hypotticses 
of  Theorem  1. 10  and  would  not  be  used  again  until  Lemma  2.  47.  Since  J does  satisfy  the  hypo- 


hypotheses  of  Theorem  1.10  and  e z + z satisfies  (fj),  (f^),  and  (f^)(ii),  it  follows  from  the 
estimates  of  §1-2  that  along  a subsequence  of  n-*®^  Uj^(P,K)  converges  to  a classical  solu- 


tion u(p,K)  of 
(3.46) 


Du  - pv,.  + EU+A  u^=0 
tt  t 


u(0,t)  - 0 = u(n,t)  : u(x,t  + 2tt)  = u(x,t) 
Moreover  from  (3.45),  we  have 
(3.47)  / [ ] f^(u(P,K))  - F (u(P,l 


-j.(u(P,K)))dxdt  > i A,  / u-(p,K)''dxdt  . 
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To  see  that  u is  a nontrivial  solution  of  (3.  46)  requires  a slight  modification  of  the  proof  of 


Lemma  2.  47.  Since 


(3.48) 


wfe  find  that 


J'(u^)Vn  = 0 . 


(3.49) 


Using  (3. 49),  we  can  replace  ( 2.  49)  by 

(J.50I 


with  A = II V ||„  + II  w II  . Combining  (3.  50)  with  (2.  52)  which  remains  valid  for  u , shows 


(3.51) 


(3  A < a,  A A^  + O’  p(e  A + A ) 
n— len  4^  n en 


where  is  independent  of  e,  n,  p,  K.  Choosing  e <(2o^)  given  A^  >p^A^^(£>j  + 

Hence  ||u(p,K)||^  satisfies  the  same  inequality. 

Now  to  obtain  the  lower  bound  for  ||w(p)||^  (where  we  suppress  the  dependence  on  K via 
Remark  3.24)  suppose  to  the  contrary  that  w(p)-»  0 along  some  subsequence.  From  (3.  22)  we 
conclude  the  same  is  true  for  v(p)  and  hence  u(p).  Then  by  (3.47),  ||u(p)||  . 0 as  p -»  0. 

l'* 

Applying  (3.4)  for  u and  (2.15)  shows 


(3.52) 


|w(p)||^  ||cG(p)  +A^G(P)  II  J-*  0 


as  p-»  0.  Next  employing  (3.10)  for  the  u problem  with  <p  = w gives 


(3.  531  J(v  + 3v  w + 3v  w )dxdt  = -J  w w dxdt. 

T T 

An  application  of  the  HSlder  inequality  implies 


(3.54) 


|v(P)||  4 < “(,l|w(p)||  ^ . 
L«  !.< 


Since  V = V - v with  (v  ] = 0 and  by  (2.  2), 


(3.55) 


we  have 


(3.56) 


J v"*dxdt  = f((v^)"*  + 6(v^)^(v  )^  + (v  )**)dxdt  , 
T T 


/((v'*’)'*  + (v')‘*)dxdt  < llwll**^  . 


Returning  to  (3.10)  with  <p  = q(v^)  - q(v")  h q'*'  - q'  and  making  some  crude  estimates  gives: 


(3.57) 


/ v'(q^ 
T 


- q')dxdt  < o.^(||G*||^  + l|w|]^l 


'lie  /(h^l 


+ |q  I dxdt  . 
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Expanding  the  left  Integral  and  using  (2.  2)  again  shows: 

(3.58)  f v^(q'''-q')dxdt  > /[(v'*')^  q'*’  + (v')^  q'  - q*  - (v')^  q'*']dxdt 

T T 

where  we  dropped  two  nonnegaUve  terms  from  the  right  hand  side.  Using  (2.  2),  (3.  56),  and  the 
Holder  inequality  to  estimate  the  last  two  terms  on  the  right  in  (3.  58)  leads  to 

(3.59)  M^J’(|q^l  + |q  | )dxdt  < J’[(v^)^q^  + (v')^q*]dxdt 

T T 

< ^ ll^llc)l|w||c/ + |q‘|)dxdt 

3 3 

(since  s q(s)  > M |q(s)|).  Arguing  as  in  Lemma  3.7,  we  conclude 

(3.60)  ||v(P)||^  < ag||w(P)||c  . 

Returning  to  (3.  52)  again  and  using  (3.  60)  yields 

(3.61)  “5U(l+«g)llw(P)llc + \(l+"9)^l^(P)llcl  • 

Note  that  the  constants  a , or  , and  A are  independent  of  p and  and  a are  independent 

5 9 e 5 9 

of  e.  Moreover  ( 3.  61)  holds  for  all  0 <e  <min(3,(2a^)  V Thus  further  choosing  0 <e  < 

[4ir^  shows 

l|w(P)|lc  > (2’^^  "5 

contrary  to  (3.  52).  Thus  Lemma  3.  40  and  Theorem  3.  37  are  proved. 


-25- 


1 


I:. 

> ■ 


I- 

i 


( 


54.  Regularity  of  the  weak  solution. 

We  have  shown  (1.1)  possesses  a weak  solution  u = v+w  with  v t C H N and  w e C*  H 
In  this  section  we  shall  prove  that  in  fact  v t fl  N and  w c H N"*",  It  then  follows  that 
□ w+f(u)  = 0,  0<x<tt,  ttlR 

together  with  our  boundary  and  periodicity  conditions.  This  is  not  quite  a classical  solution  of 

(1.1)  since  we  only  have  v t C^,  However  assuming  f has  more  derivatives,  we  shall  show 
greater  regularity  obtains  for  u.  This  will  complete  the  proof  of  Theorem  1.6.  We  are  indebted 
to  L.  Nirenberg  for  some  of  the  ideas  used  in  the  proof  of  the  following  result. 

Theorem  4.1;  If  f satisfies  is  a nontrivial  weak  solution  of  (1.1)  with 

V t C n N,  w t C*  n then  v £ C*  H N and  w £ H N"‘'  . 

Proof : First  we  show  v £ C^.  Once  that  has  been  established,  it  follows  from  Lemma  2.13  that 

W£  C^.  Two  cases  are  considered: 

Case  1;  Suppose  there  is  an  S£  [0,2tt]  such  that  u(x,s-x)=o,  a constant,  for  all  X£  [0,n). 
Then  o’  = 0 via  our  boundary  conditions.  Writing  v(x,t)  = p(x+t)  - p(-x+t)  with  [p]  = 0 and 
setting  t = s-x,  for  s = s we  have 

(4.2)  p(s  - 2x)  = p(s)  + w(x,i  - x),  X£  [0,ir]  . 

The  right  hand  side  of  (4.2)  is  continuously  differentiable  with  respect  to  x . Therefore  so  is  the 

left  hand  side.  Hence  p and  v are  continuously  differentiable.  Moreover  ||  P' |lr'>ol  v 5 

L. (o  ) 

I II  w 11^  so 

(4.3)  llvll  < l|w|l  . 

C c' 

Case  2i  Suppose  there  is  no  s £ [0,2ir]  such  that  u(x,s-x)  =0  for  all  X£  [0,ir].  Then(f^) 
Implies  there  is  a \ > 0 such  that 

(4.4)  J^i  (u(x,s-x))dx  > y 

0 “ 

for  all  S£  [0,2it].  Since  u((3)-»  u in  C as  0 along  a subsequence,  for  all  small  such  (3 
we  have : 

(4.5)  f"  I (u(P)(x,s-x))dx  > ^>0 

o'"  “ ^ 

for  all  Sf  [0,2w].  Differentiating  ( 2.  46)  with  respect  to  s shows 
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(4.6)  2TrPp”'(s)  = /’^{f^(u(x,s-x))[p'(s)  - p’(s-2x)  + ^ w(x,s-x)]  - 

-f^(u(x,  s+x))[p'(s+2x)  - p'(s)  + w(x,s+x)]}dx 
where  we  have  not  explicitly  noted  the  dependence  of  p and  u on  p.  This  equatiorr^an  be 
rewritten  as 

(4.7)  -2u  p p"'(s)  + p'(s)  J’^(f^(u(x,  s-x))  + f^(u(x,  s+x)))dx  = 

= ,(u(x,s-x))(p'(s-2x)  -•^w(x,s-x))  + f (u(x,s+x))(p'(s+2x)  + w(x.  s+x)  ]dx. 

u as  u os  ■ 

Observe  that 

{d  & 

— f(u(x,s-x))  = yu(x,s-x))(2  p'(s-2x)  + — w(x,s-x)) 

d a 

— f(u(x,sfx))  = f^(u(x,s+x))(2  p'(s+2x)  + — w(x,s+x)). 

Hence  on  integrating  (4.8),  using  (fj),  and  the  boundary  conditions  for  u , we  find: 

f (u(x,s-x))  p'(s-2x)dx  = (u(x,s-x))  ~ w(x,s-x)dx 

0 u Z Q u Ox 

u 

J’^f^(u(x,s+x))  p'(s+2x)dx  =--  J"f^(u(x,s+x))  w(x,s+x)dx. 

Substitution  of  (4.9)  into  (4.7)  yields 

(4.10)  -zrr  p p"'(s)  + p'(s)  /’^(f  (u(x,s-x))  + f (u(x,s+x))dx  = 

^ u u 


= / '2  ^ w(x,s-x)] 


1 9 9 

+ f^(u(x,  s+x))[-i  — w(x,s+x)  + — w(x,  s+x)])dx  . 


Hence  <p(s)  = p'(s)  satisfies  an  equation  of  the  form 


(4.11) 


-2n  p <p"(s)  + a(s)  (pis)  = h(s) 


where  ht  C(S^)  and  is  bounded  independently  of  p > 0.  Moreover  a(s)  > y/z.  Since  p' 
must  vanish  somewhere  in  [0,2ir]  and  p'?^0,  ^ has  a positive  maximum  and  a negative  mini- 
mum. From  (4.11)  we  then  conclude 


(4.12) 


(4.13) 
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It  follows  that  p(s)  = lim  p(p)(s)  Is  in  h\sS-  Multiplying  (4. 10)  by  iji  « L^(sS,  inte- 
grating over  [0,  2it]  and  letting  P—  0,  we  see  that  (4.10)  is  valid  in  an  a.e.  sense  with  P = 0. 

Then  (4.4)  and  v c C,  w € imply  p'  t C(sS  so  v c C^.  The  proof  is  complete. 

k k+1 

Corollary  4.14;  If  f is  Ic  times  continuously  differentiable,  k>l,  then  v*C  and  wt  C 

Proof;  The  proof  is  by  induction  on  Ic  . It  has  already  been  established  for  k = 1.  Assume  it 

for  k = J-1.  To  get  the  result  for  k = J,  note  first  that  v € implies  that  w < again  via 

Lemma  2.13.  To  get  vt  C^,  we  consider  the  two  cases  of  Theorem  4. 1.  In  Case  1,  (4.  2)  can 

be  differentiated  ) times  since  w t and  this  gives  the  result.  In  Case  2,  consider  (4.10) 

with  P = 0.  Dividing  by 

j’’^(f  (u(x,s-x))  + f (u(x,s+x))dx 
0 

the  resulting  right  hand  side  is  j-1  times  continuously  differentiable  via  (4.4)  and  the  induction 
hypothesis.  Hence  p'  e C'^  ' and  v c . 

Remark  4.  IS;  It  is  worth  observing  at  this  point  that  the  arguments  of  §2-4  show  that  if 

u = v+w  is  a weak  solution  of  (1. 1)  with 

(4.16)  llf(u)|l  < oo 

L 

where  f satisfies  (f^),  (f^)  and 

(f'j)  |f(z)|  “ as  Izj  - « , 

12  k k k+1 

then  vt  C and  wc  C . Moreover  if  ft  C , k>l,  then  vt  C and  wt  C 


I 


i 
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$5.  Various  extensions. 

This  section  contains  extensions  of  Theorem  1,6  in  four  directions.  First  we  prove  the  re- 
sult stated  in  the  introduction  concerning  the  existence  of  nontrivial  periodic  solutions  of  (0.1) 
for  any  period  which  is  a rational  multiple  of  w.  The  next  two  generalizations  involve  weakening 
the  hypotheses  (fj)-(f^).  If  (f^l-If^)  are  replaced  by  (fp-If^lj  we  can  still  get  a "weak"  solu- 
tion of  (1.1)  (Theorem  5.6)  while  if  (f^Kl)  is  weakened  by  adding  a linear  term  with  the  proper 
sign  to  f , an  analogue  of  Theorem  1.6  (Theorem  5.13)  still  obtains.  Lastly  we  study  the  forced 
vibration  question  for  (0.1),  i.e.  we  permit  f to  depend  on  x and  t in  addition  to  u . Since 
the  above  results  mainly  involve  minor  modifications  of  the  arguments  of  §1-4,  we  will  generally 
be  sketchy  with  details  here. 

Theorem  5.1:  Let  f satisfy  (fj)-(f^).  Then  for  any  J , mt  IN,  the  problem 


r “tt  - ^xx + 

^ U(0,t)  = 0 = U(rr,t) 


0 < X < IT,  t € IR, 


possesses  a nontrivial  solution  u = v + wt  (C^  H N)0(C^  H N‘*‘)  which  has  the  period  -^tt  in  t. 

m 

Proof:  It  suffices  to  prove  the  result  for  j = 1.  Only  small  modifications  need  be  made  in  §1-4. 

The  most  important  changes  are  the  following:  We  replace  T by  T^  = {(x,t)  c : 

2 k 

the  spaces  L , C , etc  introduced  in  §1  now  are  taken  relative  to  T : N is  replaced  by 

m 

TT 

(p(x+t)  - p(-x+t)|  p is  — periodic  and  J p^(s)ds  < <»  } 

0 

and  by  span  (sin  j x sin  2m  k t,  sin  j x cos  2m  k t|  0 t j,k  < n }.  It  is  straightforward  to 
verify  that  Lemma  2.13  is  valid  for  this  new  class  of  functions  with  no  change  in  the  representa- 
tion (2.15)  but  only  in  the  underlying  class  of  functions.  The  results  of  §1-4  now  go  through 
with  minor  changes  and  Theorem  5.1  obtains 

Corollary  5.5:  Under  the  hypotheses  of  Theorem  5,1,  (5.  2)  possesses  infinitely  many  distinct 

nontrivial  solutions  which  are  periodic  in  t , 

Proof:  By  Theorem  5.1,  for  each  nr  IN,  (5.2)  possesses  a nontrivial  solution  having  period 


— in  t . Hence  Infinitely  many  of  these  solutions  must  be  distinct. 


1 


Next  we  study  the  effect  of  weakening  (fj)-(fp(See  Remarks  1.  37  and  2.  57)  on 

Theorem  1.6.  Here  as  was  pointed  out  to  us  by  H.  Brezls  the  monotonlclty  of  f can  be  exploited 
to  get  a weak  solution  of  (1.1)  using  a standard  monotonlclty  argument. 

Theorem  5.6;  If  f satisfies  (fp,  (f^),(f^),then  (3.38)  possesses  a nontrivial  solution  u = v+w 
with  V t L°°  n N and  w t C H N"^  . 

Proof:  Remark  2.57  gives  us  a nontrivial  solution  u((3,K)  of  (2.58)  with  v(p,K)t  and 

w(P,K)  t C^.  The  argument  of  Corollary  3.  5 goes  unchanged  for  this  case  to  give  a bound  on 
||w(p,K)l|  independent  of  p and  K.  Since  p.  (z) -»  ® as  z -»  »,  we  still  obtain  (3.8).  Hence 
we  can  drop  the  dependence  of  u on  K as  earlier.  The  bound  (3.  26)  remains  valid  here.  Un- 
fortunately the  proof  of  Lemma  3.  29  no  longer  holds.  Nevertheless  one  can  still  get  the  con- 
vergence of  a subsequence  of  the  u(P)  as  p — 0.  Indeed  since  the  functions  u(P)  are  bounded 
in  n L , Cu(p)  are  bounded  in  L^,  w(P)  are  bounded  in  and  p — 0 weakly  in  L*" 
as  p -»  0,  it  follows  that  we  have 

L^  C 

u(P)  - u , Clu(P)  g,  w(P)^  w 

along  a subsequence  of  P-*  0.  Note  that  if 

l2 

h - h and  □ h - ; , 
n n ' 

00 

then  for  all  <p  i , 

J <p  t,  dxdt  = lim  J"  O h dxdt  = lim  J h D ^ dxdt  = J"  h □ dxdt. 

T n-ooT  " n-*«T"  T 

l2  ^ 

Thus  Oh=  ^ weakly  and  Dh  - Dh.  Hence  □ has  a closed  graph  as  a mapping  of  L , 

2 ^ weak 

Cak 

00 

For  any  pt  L , by  (fp, 

(5.7)  (f(u(P))  - f(p))(u(p)  - p)  >0  . 

Integrating  over  T and  using  (2.  58)  yields 

(5.8)  / (p  V (p)  - nu(p)  - f(p))(u(P)  - p)dxdt  > 0 . 

T 

Letting  p -*  0 along  our  subsequence  in  (5.8)  and  noting  that 


Ik 


we  get 

(5.9)  J(-Du-  i(p))  (u-p)dxdt  > 0 

T 

00  00 

for  all  p«  L . Choose  p = u+X.x»XcC  ,X>0.  Hence  (5.9)  becomes 


(5.10) 


I 


(-□u  - f(u+X.x))( -^X)dxdt  > 0 


Dividing  by  X , letting  X-*  0,  and  noting  that  x Is  arbitrary  we  find 
□ u + f(u)  = 0 a.  e. 

from  which  (3.  38)  and  Theorem  5.6  follow. 

a 

Remark  5. 11 : Lemma  2.13  implies  the  first  derivative  of  w is  in  L 

For  our  next  generalization  of  Theorem  1.6,  we  consider 

□ u+au  + f(u)=0,  0<x<TT,t«IR 
u(0,t)  = 0 = u(TT,t)  , u(x,t  + Ztt)  = u(x,t) 


(5.12) 


Theorem  5.13:  If  a >0  and  f satisfies  (fj)-(fj),  then  (5.12)  possesses  a nontrivial  solution 

u = v+w  with  V { n IN,  w e fl  N"*"  . 

Proof : There  are  several  approaches  one  could  take  to  this  problem  such  as  beginning  anew  with 

a variant  of  (1.8)  in  which  p v^^  is  replaced  by  a term  more  suitable  to  (5.12).  However  we 

will  remain  in  the  framework  set  up  in  §1-4  in  order  to  take  advantage  of  the  theory  we  have 

developed.  The  first  significant  modification  to  our  earlier  arguments  arises  in  the  proof  of 

Lemma  1.13  where  we  must  replace  N,  N*  by  other  spaces.  Let 

2 2 

Nj  = span  {sin  jx  sin  kt,  sin  jx  cos  kt|k  = a + ) } , 

N*  = span  (sin  jx  sin  kt,  sin  jx  cos  kt|  k^  > a + j^}  , and 

N 2 = span  {sin  jx  sin  kt,  sin  jx  cos  kt  ] k^  < a + j^ } . 

Observe  that  Nj  = {0}  is  possible.  Set  IR  s fl  Nj  span{sinx  sin  k t}  where  k 

is  the  smallest  element  of  IN  satisfying  k^  > a+  1.  Then  the  conclusion  of  Lemma  1.11  obtains 
k+1 

with  this  choice  of  IR  . Moreover  the  argument  of  Lemma  1.14  goes  through  essentially  as 
2 -2 

earlier  with  (2  -1)  replaced  by  k - (a+1).  The  presence  of  the  a term  does  not  effect  any  of 
the  estimates  and  arguments  of  §2-4  required  for  the  existence  of  a solution  of  (5.12)  in  an 
unfavorable  fashion.  (See  also  Remark  1.15  in  this  regard).  Thus  we  gel  existence  of  a solution 
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u(P,K)  of  (1.8  ) (with  f -*  au  + f ) and  u of  (5.12).  The  proofs  of  Lemmas  2.  47  and  3. 40 

are  not  valid  here  since  they  employed  (fj)(i)  which  is  not  satisfied  by  a z + f(z).  Lemma  2.  47 

can  be  salvaged  as  follows:  The  analogue  of  (2.49)  for  our  equation  (with  v c N,  w t 

n n 

as  usual)  is 

(5.14)  VllvJlJ  < Pl|v„JlVa||vJl^<  >'2llW”cll''nllc  ’ 

This  observation  gives  (2.  51),  A being  defined  as  earlier,  vAth  different  constants: 

n 

(5.151  Pll-'jlc  i ■ 

Now  we  distinguish  between  two  cases  depending  on  whether  Nj  is  trivial  or  not. 

Case  1:  dim  Nj  = 0 . 

Then  (2.15)  implies  (□  + a)  ^ is  continuous  from  L^  fl  N"*"  -►  C H N'*'  so 

(5.16) 

and  by  (2,  6),  (5.14),  and  (2.  50), 


1^  1^  < \cll'Pv  +av  +P  f (u  )|1 
' n"C  — 5"  ntt  n n K n " 2 

Li 


(5.17) 


Iwnllc  < V"  ^n> 


Combining  (5.15)  and  (5.17)  as  in  Lemma  2.47  then  shows  is  bounded  away  from  0 . 


Case  2: 


dim  > 0 . 


We  argue  indirectly  for  this  case  using  a comparison  argument.  To  denote  the  dependence 
of  Nj,  N*  on  a , we  write  Nj(a),  etc.  Observe  that  for  o > a,  N^ialSN^Ia)  ^ N^la).  We 
have  dim  Nj(a)  > 0.  For  a slightly  larger  than  a , dim  Nj(a)  = 0 and  NjlalSN^la)  = N^lo). 
We  fix  such  an  a.  Let 

(5.18)  - u^  - P v^  - X u^)  - Fj^(u)]dxdt  . 

T 

Then  I (u)  > I (u)  for  all  u t E and  from  Lemma  1.13  we  see  r (a)  = r {a)  and  c (a)  > 
a — a n n n n — 

c (a)  > 0.  For  e,  A as  in  (2.  50),  define 
n c 

(5.19)  ^X*“'  ^ ■ '^x  ■ - E u^)  A^  u^]dxdt  . 

T 

Then  as  in  Lemma  3.40,  for  e sufficiently  small  compared  to  »-a,  we  have  a critical  value 

b (o)  of  J (u)  with  c (or)  > b (o)  > 0 . 
n o n — n 

Suppose  llu^(a)|(^— 0 as  n — 00.  Then  by  (1.  28),  C^(a)  and  a fortiori  b^(o)—  0.  This 

Implies  II u (o)||  . 0 by  (3.45).  But  the  argument  of  Case  1 (with  c possibly  still  smaller) 

" L 
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(5.20) 


shows  Is  bounded  away  from  0.  Since  u^(a)  converges  in  C , this  is  contrary 

to  (3.45). 

Thus  we  have  shown  u(p,K)  Is  nontrivial.  A more  complicated  argument  based  on  the 
above  and  the  proof  of  Lemma  3.40  then  shows  the  solution  u of  (5.12)  is  nontrivial.  We  will 
not  carry  out  the  details. 

For  our  final  results,  we  consider 

□ u + f(x,t,u)  = 0,  0<x<iT,  ttIR 

u(0,t)  = 0 = u(iT,t),  u(x,t  + 2w)  = u(x,t) 
first  under  the  hypotheses: 

(fj)  ft  c\[0,it]  X R^,IR),  f(x,t,0)  = 0,  and  f is  2ir  periodic  in  t 

(f  ) f(x,t,z)  is  strictly  monotonically  increasing  in  z and  f (x,t,z)  > 0 for  z near  0,  z ^ 0 
(fj)  (1)  f(x,t,z)  = o(|z|)  at  z = 0 

(il)  There  is  a z > 0 so  that  F{x,t,z)  = f(x,t,s)ds  < 0 z f(x,t,z)  for  \z\  >z 
1 0 

where  Ot 
Here  we  can  show 

Theorem  5.  21 : If  f satisfies  (fj)-(fj),  (5.20)  possesses  a nontrivial  solution  u = v+w  t 

(c^  n N)  ©(c^  n N'*’). 

Proof;  A truncation  of  f analogous  to  (1.7)  is  required.  Let 

f(x,t,z)  If  |z]  < K , 


(5.22) 


f^(x,t,z) 


f(x,t,K)  + Mx,t,K)(z-K)  + p(K)(z-K)  , 


z > K 


f(x,t,-K)  + f^(x,t, -K)(z  + K)  t p(K)(z+K)  , z < -K, 


Note  that  f is  merely  continuous  in  (x,t)  for  |z|  > K.  It  is  easy  to  verify  that  the  results  of 
51-2  are  valid  forthiscase  with  only  minor  modifications  until  Lemma  2.  32  where  it  was  neces- 
sary to  differentiate  f with  respect  to  t . This  we  cannot  do  unless  ||  u (P,K)||  < K.  How- 

N n 

ever  Remark  2.  57  gives  us  a weak  solution  of  the  modified  equation  for  (5.  20)  with  v c and 
w « c\  Since  (3.2),  (3.6),  and  (3,8)  are  still  valid , we  get  || u(p,  K)  ||  ^ — ‘ 

dently  of  p and  K.  Hence  for  K > A^+  Me,,  and  for  n appropriately  large,  since 


-33- 


u^(P»K)-  u(P,K)  In  C , we  can  assume  Hu^(P,  K)  H ^ < K.  By  our  above  observation.  Lemma 
2.  32  Is  now  applicable  for  n large.  Thus  the  proof  proceeds  essentially  as  earlier  with  the 
second  part  of  hypotnesls  (f^)  now  required  for  Case  2 of  the  proof  of  Theorem  4. 1. 

Remark  S.  23:  The  ooservatlons  made  in  Remark  4.  IS  apply  equally  well  to  (S.  20). 

As  our  concluding  result  we  have 

Theorem  S.  24:  If  -f  satisfies  (f^  )-(f^),  (S.  20)  possesses  a nontrivial  solution 

u = v+w  t (c'  n N)  n N-^). 

Proof ; The  proof  of  Theorem  5.  21  works  for  this  case  with  tne  following  changes:  In  the  defini 

tlon  of  1,  replace  p by  -p.  Then  use  -I  in  the  minimax  argument  of  Lemma  1.13  and  also 
4- 

reserve  the  roles  of  N and  N . 

Remark  S.  ZS:  Theorem  5.  24  applies  equally  well  when  f is  Independent  of  t . However  for 

this  case  our  methods  do  not  guarantee  that  the  solution  u(x,t)  depends  explicitly  on  t , i.e. 
we  may  only  obtain  a solution  of  the  ordinary  differential  equation 

+ f(x,u)  = 0 , 0 < X < n 

= 0 = u(tt)  . 


(5.26) 


-d^u 

dx=^ 

u(0) 
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Appendix 


The  purpose  of  this  Appendix  is  to  prove  Theorem  1.10.  To  do  so,  we  require  two  prelim- 
inaries; a standard  result  from  the  calculus  of  variations  and  a topological  intersection  lemma. 
We  are  indebted  to  E.  Fadell  for  the  proof  of  the  latter. 

Lemma  A.  1:  Let  J c C*(Ir"',IR),  A^  = (x  t Dt"']  J(x)  <s},  and  K^  = {xt  k"'  | J(x)  = s and 
J'(x)  =0}.  Let  c > 0 and  c < IR.  Then  there  is  an  e « (0,e)  and  an  q t C([0,1]  X 
such  that 


1° 

q(t,X)  = X if 

J(x)  / ( c - e , c +e  ) 

2° 

tl(l,A  ^ ) C A 
' ' c+e  c-c 

if  ^ . 

For  a proof  of  this  lemma  see- e.  g; -{7]  or  [12].  The  notation  of  Theorem  1.10  wiil  be' 
employed  in  the  next  result. 

Lemma  A.  2:  Let  b„  = D B_  and  b!?!  = |x  t B„  | x.  . . > 0 }.  If  q « C(b!*!,  Ir"’)  . m > k.  p < R. 

K K R H ICtI  — R 

and  there  is  a homotopy  Gt  C([0,1]  X a b^,IR'"\(9B  fl  dR*^)"^))  such  that  G(0,x)  = x and 

R p 

G(l,x)  = g,  then  g(b^)  H 3B  H (Ir'^)''-  ip. 

R p 

Proof ; Intersection  theory  in  Ir'"  [13,  p.  197]  provides  a simple  proof.  To  normalize  the  prob- 
lem somewhat,  let  R = 1,  p < 1.  Set  = B H (Ir'')‘|  9d''^  ^ = 9B  H (Ir'^)’*'  b^  = b^  , and 

p p 1 

9 b^  = (x  t b^|Xj_^j  =0  or  |x|  = 1}  . The  intersection  pairing 

ao'""'')  X H^(9b'^)  -*  Z 

yields  +1  as  intersection  number  for  appropriately  chosen  generators  in  the  homology  groups 
above.  Furthermore  naturality  yields  the  diagram 

“m+k^^"'  '''  ^ H|^(9b^)  Z 

IdXj^ 

Hm^^^(D’"-\  9d"'-S  X lym'"  \ on'"-’' 

where  J:  Ob^  C Ir''^  \ 9D^  ^ is  inclusion.  If  g t C(b^,  Ir"'  \ 91')''''  and  G as  in  the  state- 
ment of  the  Lemma,  then  would  be  the  trivial  homomorphism  and  thus  would  force  the  inter- 
section number  to  be  0 which  is  a contradiction. 


J 


i 

J 
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Theorem  1.10;  Let  Jc  c\ir'”,IR)  and  ItlR*"-*  IR  where  J(x)  <I(x)  for  all  x«  Ir'”  and 

Ic  If  t 

J(x)  <0  for  all  X c IR  . If  there  are  constants  R > r > 0 such  that  J > 0 In  (B^\  {0 })  fl  (IR  ) 

while  I <0  on  Ir'"  \ , then  I has  a critical  point  in  {x  t Ir'^IKx)  > 0 } and  a corresponding 

critical  value  characterized  by 

(l.Il)  c=  inf  J(h(x))  >0 

h « r X t n §„ 

K 

where  r = {h  « C(IR*^^*n  § jIr'")  | h(x)  = x if  l(x)<0}. 

K 

Proof:  Let  h t r.  Then  h(x)  = x if  I(x)  < 0 . Since  I < 0 on  IR  U 9 B„,  h(y)  = y on 

■ ““  K 

8 . Hence  h = g trivially  satisfies  the  homotopy  hypothesis  in  Lemma  A.  2 for  all  p < R. 

Therefore  -for  all  such  p,  . 

(A.  3)  h(b'^j^)  n aB^n  (mS-^  5^  0 . 

Choosing  any  p < r and  letting 

a = min  J(z)  , 

z € 9B  n(IR'^)-^ 

P 


then  a is  positive  by  hypothesis  and  by  (A.  3)  with  p = r ’ 

(A.  4)  '"®i^+l  - > a>0. 

X c IR  ri  B ' 

R 

Thus  by  (A.  4)  and  the  definition  of  c , c > a > 0.  It  remains  to  show  that  c is  a critical  value  i 

i 

of  J . We  argue  indirectly.  Suppose  c is  not  a critical  value  of  J.  Then  we  can  invoke 

Lemma  A. 1 with  z Observe  that  if  h t r,  then  C{IR*^^*  0 B ,IR''^).  Moreover 

2 •' 

If  l(x)<0,  then  J(x)  < 0 and  h(x)  = x.  Therefore  by  1°  of  Lemma  A.  1 and  our  choice  of  £, 

n(l,h(x))  = r|U>x)  = X-  Consequently  ri(l,h)  € T . j 


Finally  choose  h t r such  that 

(A.  S)  k+1  - < c +c  . 

X t IR  ^ 

Then  by  2°  of  Lemma  A.l, 

(A.  6)  max  J(ti(1,  h(x))  < c - e , 

X ( n B„ 

K 

contrary  to  the  definition  of  c.  Thus  the  theorem  is  proved. 
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Remark  A.  7 : If  c = max  J , a refined  version  of  Theorem  1.10  shows  K contains  infinitely 

®R 

many  critical  points.  One  can  also  give  an  infinite  dimensional  version  of  the  theorem.  Since 
these  results  are  extraneous  to  the  main  topic  of  this  paper,  we  will  pursue  them  elsewhere. 


1 

j 

i 
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